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1. Given two positive real numbers x and y such that In(2?y?) = 1 and In(2°y") = 1, find
In(zy?).

Solution: Multiplying the first equation by 8, the second by 3 and subtracting the
two new ones, gives
21624

21

e = ()

In

Hence, the answer is E. [ |

2. The equation 3373 + 3222 4 322 = 1 has only one real solution, say xy. The solution
can be written zy = logy[(10m +n)'/3 — 1] for some natural numbers m and n less than
10. What is n — 3m?

Solution: If we set 3% = ¢ and multiplying by 3% = 27 the given equation, we obtain
t3 + 3t? 4 3t = 27 which implies (¢ + 1)® = 28. Thus, the solution in ¢ is ¢ = 28"/% — 1
and for 7o = log,[28'/3 — 1]. This shows that m = 2 and n = 8. So, B is the correct
answer. |

3. If @ and b are real numbers such that a > b > 0, and

3 3
a’® —b

— =4,

(a—0b)?
then the ratio % can be written as % = m+2\/ﬁ for some natural numbers m and n. Find

n—m.

Solution: We simplify the given fraction by @ — b > 0 and obtain a® + ab + b* =
4(a® — 2ab + b*). This gives the equation in a/b = ¢: t* — 3t + 1 = 0. Using the

|



quadratic formula we obtain ¢ = %5 Hence we obtain n —m = 2 and so the correct
answer is B. |

2015
. The remainder of the division <%> + (2% —z — 2) is of the form A + Bzx. Find
A—4B.

Solution: We observe first that 2> —x —2 = (z+1)(z —2). So, using Factor Theorem,

2\ 2015
we must have A + B(—1) = P(—1) and A + 2B = P(2) where P(x) = (%)
Hence A— B =1 and A+ 2B = —1. Solving this system in terms of A and B, we get
B = —-2/3 and A = 1/3. This means that we get A — 4B = 3, which gives the answer

C. |

. [¥?] The quartic equation z* + 22* — 102? — 2z + 1 = 0 has four (complex) solutions
of the form, zy = 1+ v/n and x5 =1 — \/n, 3 = p+ /m and 24 = p — y/m for some
integers number m, n and p. Find m — 2n.

(A) (B) 2 (C) 3 (D) 4 (E) 5

Solution: We observe that xy + x5 = 2, which implies that z3 + x4 = -2 -2 = -4 =
—2p by Viete’s relations. Then the equation can be factor as (22 —2z+a)(z?+4x+b) =
23+ 2%+ (a+b—8)x? + (4da — 2b)x + ab. This gives the linear system a + b = —2 and

4a — 2b = —2. Solving for a and b we get a = b= —1. Hence zy29 =1 —-—n=a = —1
which means that n = 2 and x324 = p> —m = 4 — m = —1 which gives m = 5. So, the
answer is A. [

. [¥°] For z in the interval (6,11) the equation in ¢,
[t+4|—|t—=2/+t—7 ==z

has four solutions written in increasing order, t; < t5 < t3 < t4. The expression
tsty — tity can be simplified to max + n for some whole numbers m and n. Find the
value of m.

Solution: For ¢t < —4 the equation becomes —t —4—(2—t)+7—t=xzort=1—x.
We observe that for x € (6,11),t =1—x < 1—6 = —5 < —4 so we get a valid solution
in this case.
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For t € (—4,2], the equation becomes t +4 — (2 —1t) + 7 —t = x. This gives t = z — 9.
Again, since z € (6,11), then ¢t = z — 9 € (—3,2) which shows that this is a valid
solution.

For t € (2,7], the equation becomes t +4 — (t —2) +7—t =z or t = 13 — z. For
x € (6,11), then t € (2,7) which is what is suppose to be.

Finally, if t > 7, we obtain t = z+1. Because of our analysis we observe that t; = 1—uz,
to=x—9,t3=13 —x and t; =z + 1. Hence,

tsty —tite = (13 —2)(z+1) — (1 —z)(x —9) =22+ 2z
which leads to the answer B. [ |

7. In the accompanying figure we have a

rectangle ABCD and G the intersec- B E C
tion of its diagonals. We know that F
AE and AC are trisecting the angle
/ZBAD. Let F be the intersection of the g
diagonal BD and AE. Knowing that
AB = 1 then what is the ratio %?
A D

(A) 1 (B) 2 (C) 3

(D) (E) 5

Solution: Angles /BAE, /EAC, and ZCAD are all equal to 30° and so the tri-
angle AABG is equilateral and then AFAG has half the area of AABG. Hence,
2Area(AFG) = Area(ABG) = (1/2)Area(ABD) = (1/4)Area(ABCD). Therefore,
the answer is D. |

8. [#?] In the accompanying figure we have a
section ABCD into a cube of side-lengths
1, which cuts the cube along the diagonal
AC, and points B and D divide the re-
spective sides into ratios (top to bottom)
1:2and 2: 1. What is the area of ABC'D?

Wi @ (Y
(D) % (B) 5

Solution: Method I First we observe that ABCD is a parallelogram. Hence it is
enough to calculate the area of the triangle AC'D. Let us extend AD (see figure above)
until intersects the plane of the bottom face of the cube FGHC'. Then from similarity of
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10.

9. [#?] In the trapezoid ABCD with bases A

; _ AD _ FG _
triangles DEF and AEG we calculate that EF = 1/2 and observe that 57 = &7 = 2.

This shows that Area(ACD) = 2Area(CDE). Therefore, we just need to calculate the
area of ACDE. Using Pythagorean Theorem in the triangle FF'C' we have CFE = \/75
If J is the foot of the altitude corresponding to base C'E in the triangle EFC, we obtain

JF = \/Lg DJ is the altitude in the triangle ACDE corresponding to base CE and

using Pythagorean Theorem again we have D.J = 1/(1/3)2 + (1/5) = %. This implies

that the area of ACDE is %*/73% and so Area(ABCD) = 4Area(CDFE) = ‘/Tﬁ.
Answer: C.

Method II. One can use Heron’s Formula to compute the area of the triangle AC'D

since AC = \/§, AD = BC =+/13/3 and CD = \/E/3 In this case it is useful to use
a different version of Heron’s Formula:

1
A= Z\/2(a2b2 + 022 + c?a?) — (a* + b* + 4), or

1
A= Z\/QaQ(b2 +2) —at — (b2 — ?)%

We observe that we can set a® = 3, b* = 13/9 and ¢® = 10/9 in the above formula. This
gives A% = £[(2(3)(23/9) — 9 — (1/9)] = 5. Therefore Area(ABCD) =2A = \/Tﬁ. |

AB and DC, two of its side lengths

are AD = 8 and BC = 17. Know- /
ing that m(LADC) = 90° and the “
trapezoid ABCD 1is cyclic (there exists \
a circle tangent to all sides-see figure D E
on the right), find the area of ABCD.

(A) 60 (B) 70 (C) 80

(D) 90 (E)

Solution: We let £ on DC (as shown) so that BE is perpendicular to DC. In the

right triangle ABFEC we find easily EC' = 15 (remember the Pythagorean triple 8, 15

and 17). Hence, if we denote the base AB = z, we have the equation z+z+15 = 8+17

(the opposite sides in a cyclic quadrilateral add up to the same number). Therefore
(5+20)8

x =5 and so the area is === = 100, the answer is £. |

[*!] The trigonometric equation

8 cos(x) cos(2x) cos(4z) =1

has exactly three solutions in the interval (0, 3

these three solutions in increasing order, 1 < xy < x3, then the expression

) (measured in radians). If we write
Z1+xo—x3
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a

is a positive rational number which in reduced form, ¥, leads to what number at the

numerator?

Solution: If we multiply the equation by sin(z) (not equal to zero in the interval
(0, %)), and using the double angle formula 2 sin « cos o = sin(2cr), we get an equivalent
equation

sin(8z) = sinz,

which attracts 8z = x + 2k or 8z = (7 — x) + 2k, for some integer k. We get 27“, 5

and % the three solutions in (0,%). Since § < 2 < %, then

$1+$2—$3_1+2 1_2 2_4
m 9 7 3 7 9 63
This implies that the correct answer is D. [



