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1. For two unique positive integers a and b, we have 2017 = a®?+b*. Also, a can be written
as
Co + Clb —f- 62b2 + C3b3 + C4b4

where ¢y, c1, co, c3 and cy are either 1, 0 or —1. What is the value of

C4—03—CQ—01—C()?

Solution: For b from 1 to 6 we observe that 2017 — b* is 2016, 2001, 1936, 1761, 1392,
and 721 respectively. Only 1936 is a perfect square, which is 442. Hence, a = 44 and
then

44 = —1 —0(3") — 1(3?) — 1(3%) + 1(3%)

implies that ¢4 — ¢3 — ¢o — ¢; — ¢g = 4. Therefore, the correct answer is D. [ |

2. For a and b positive integers, with a not a perfect square, it is given that \/a — b is a
root of the quadratic equation z* + ax —b = 0 and \/a + b is a root of the quadratic
equation > — ax —b =0, what is a + b?

Solution: The information given is sufficient to conclude that 4++/a — b are the roots

of 22 + ax — b = 0. From Viete’s relations, we obtain that —2b = —a and b*> — a = —b.
This implies b*> = b which gives a = 2 and b = 1. So, a + b = 3 which means C is the
correct choice here. [ |

3. [¥'] Three angles o, B and v satisfy the equalities tan v = xq, tan B = x5 and tany =
xs, where x1, o and x5 are the roots of the cubic equation 5x® — 14z +2x +1 = 0.
What is the value of

tan(a + 6+ )7



Solution: (Method I) We have, for two angles tan(a+3) = % which implies

that
tan(a)+tan(s3)
tan(a + 3 +7) = 1—tan(a) tan(3) + tan(y) _ + X9 + T3 — X1T2T3
1 — tan(a)+tan(f) tan(y) 1 — 7122 — Toxs — T3
1—tan(a) tan(s) v
14 -1
=—= 155
tan(a + § +7) = =5 = 73 =5
5
This shows that the answer is . n

(Method IT) We observe that 523 — 1422 +2x + 1 = (5x + 1)(2? — 3z + 1) which means
that one of the solutions is —1/5 and the other two have a product of 1. Let’s say
tan(a) = —1/5 and then tan ftany = 1. The last equality implies cos(8 + v) = 0.
Therefore 3 + v = § + k7 which implies that

tan(a + 5+ ) = tan[g — (—a)] =cot(—a)=5. N

. It is known that 2017 is the 306" prime and it can be written as a sum of two triangular
numbers (numbers of the form 1, 142, 1+ 2+ 3, etc.) in a unique way. For positive
integers m, n, and k, with n > m, we have

Y P =m+ 1)+ (m+2)° + .+ n® =2017(2017 — k).

j=m+1

Knowing that m + n s the smallest number with this property, find k.

Solution: We have the known formula Z?:l g3 = W, which implies
1 m? )2 1
Z] = n+ F_mim+1) =-M*+n—-—m*—m)(n*+m*+m+n)

4

j=m+1

n(n; 1) N m(m2+ 1))

2017(2017 — k) = %(n —m)(m 4+ 1)(
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Since it is possible that 2017 = "(";1) + m(mﬂ) = (64) + ( ) this gives the smallest
possibility for m+n = 63+1 = 64 (2017 d1v1d1ng n— m 1mp11es n+m > 2017, and 2017
dividing m +n + 1 gives m +n > 2016). Hence 3(n —m)(n+m+ 1) = 31(65) = 2015
which shows that & = 2. Hence, is the correct answer. [ |

5. In the triangle ABC', AB =51, BC' =52,
AC = 53. Let D denote the midpoint of
BC and let E denote the intersection of
BC with the bisector of angle /BAC.
If the area of the triangle AED (in

square units) is equal to 15—’5 what is x?

(A) 1 (B) 2 (©)

Solution: We compute the area of AABC first, using Heron’s formula [ABC] =
V/78(78 — 51)(78 — 52)(78 — 53) = 1/2(3)(3)(9)(2)(13)(25) = 2(9)(13)(5) = 1170.
Then the area of AABD = 1170/2 = 585. Also, this means that the altitude corre-
sponding to A is equal to h = 2[ABC]/BC = 2(1170)/52 = 1170/(2(2)(13)) = 45.

AB _ 51 _ BE
Uing theB%ngle B;fector Theorem we have ic = EC or & = Lo Thereforf
53451 — BE1EC OF 3(53) — whlch gives BE = 5. So, DE= BE—BD =26—75 = 3.

Then, the area of AADE = DE(h) %5. Therefore, x = 3 and so the answer is . [

6. From the interior of an equilateral triangle
ABC' one takes a random point P. The
probability that the angle ZAPB has mea-
sure more than 120° s equal to %7?\/3— %

where the 2 is a positive rational number
written in reduced form. What is the value

of
™m—n"?
(A)1 (B) 2 (C) 3
(D) 4 (E) 5

Solution: We construct the arc corresponding to the points P’ for which m(ZAP'B) =
120°. This is an arc of a circle tangent to the sides AC and BC (by the converse of
the angle inscribe theorem). Then the point P must be inside of the arc segment
determined by this arc. So, we need to compute the area of this arc segment, say A
and then the required probability is ABA] BC] The radius of the circle containing this arc
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is R = (tan 30° = ‘/?gf, where ¢ is the side-length of the equilateral triangle ABC.

Then
e

1 7

1
= —(7R* - [ABC]) = =(=/*
which implies that the probability is
P A 47v/3 1
- [ABC] 21 3
Hence, 7m — n = 7(4) — 27 = 1, and the correct answer is [ A]. |

. [¥?] The number of ordered pairs of positive real numbers (u,v) such that
(u+iv)*"" = u —iv

is a number of three digits abc (written in base 10). What isa —b 7

Solution: If we denote by z = u + iv we see that |2|?"'7 = |z|. Because z # 0, we
conclude that |z| = 1. Hence, Z = 1, and the given equation becomes z?'® = 1. The
solutions of this equation, as complex numbers, from the set of all roots of unity of
order 2018 (vertices of a regular polygon). Two of these are 1 and —1. There are no
such units on the y-axis, because 2018 is not divisible by 4. Then, there are exactly
(2018 — 2)/4 = 504 inside of the first quadrant. Hence, a —b = 5 — 0 = 5 that the

correct answer is . [ |

. [¥3] Positive integers a,b, and ¢ are chosen so that a < b < ¢, and the system of
equations

20 +y=2017 and y=|r—a|+|r—0bl+ ]|z — |

has exactly one solution (z,y). The minimum value of ¢ possible is a number of four
digits dydadsd, (written in base 10). What is dy + 2d3 + 3dy — 5d;?

Solution: Eliminating y, we get 2017 = f(z) = 22 + |x — a| + |z — b| + |z — ¢|. The
slope of the function f on the interval (—oo,a) is —1, on the interval (a, b) is 1, on the
interval (b, c) is 3 and on the interval (c,00) is 5. Since f is a continuous function, f
has a unique minimum at = a which is equal to f(a) =2a+b—a+c—a=b+c.
Then, this minimum must be equal to 2017. Indeed, if b+ ¢ > 2017 the system has no
solutions, and if b + ¢ < 2017 then we have two distinct solutions. Because b < ¢ — 1,
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we obtain that 2017 = b+ ¢ < 2¢ — 1. This attracts ¢ > 2018/2 = 1009. One can
check that 1009 is indeed the minimum value of ¢ with the required properties. So,
ds + 2ds + 3dy — 5d; = 9 — 5 = 4 and the correct answer is @ [ |

9. [¥*] Two circles of radii R and r (R > r)
are tangent to one another in such a
way their common tangent lines are
perpendicular (see the accompanying
figure).  Another circle of radius x is
tangent to one of these tangent lines and
tangent to both of the circles. The ratio
R

5= can be written as m + nyv?2 for two

positive integers m and n. What is m+n?

(A) 1 (B) 2 (C) 3

(D) 4 (E) 5

Solution: In the accompanying figure, we see that AE? + BE? = AB? or OD =
V(R+7)2— (R —r)2 = 2V/Rr. Because the two tangent lines are perpendicular, the
triangle ABE is a right isosceles triangle. This gives AE = BE or 2V/Rr = R — r.
Solving for R we obtain R = (3 + 2v/2)r = (v/2 4+ 1)?r. Then the equation for z is

CD =2vVRr = CG + GD = 2\/rz + 2VZR =

VAT + (V2 Vi = (V3 + 17 =

\/_
VT = 7 2_3+2\/_

Hence the answer is . n

10. [#°] Three real numbers z, y, and z satisfy

logy(z +y) =2
logy(z® +y°) = 2+ 1
20+y =6

zy >4

What is the closest value to z7



Solution: We observe that x+y = 27 and 22 +y? = 2*°*! = 2(x +y). Since y = 6 — 2z,
we obtain a quadratic equation in z: 2? + (6 — 2z)? = (z + 6 — 2z). This reduces
to 0 = 522 — 22x + 24 = (v — 2)(bx — 12). If z = 2, then y = 6 — 2z = 2 which
does not satisfy the last inequality of our problem. It remains that z = 12/5 and so
y =6 —2x = 6/5. Then z = logy(z + y) = log,(18/5) ~ 1.84. Without using a
calculator, we have

log,(18/5) < log,(20/5) = log,(4) = 2

and

log,(18/5) > 3/2 < 18/5 > 2v/2 & 81/25 > 2(true).

Hence, the answer is . [ |
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